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ABSTRACT
We propose a way to classify the local form of all bosonic supersymmet-
ric configurations of D=11 supergravity, using the differential forms that
can be constructed as bi-linears from the Killing spinors. We show that
the most general bosonic geometries either have a privileged SU(5) or
a (Spin(7)⋉ R8)× R structure, depending on whether the Killing vector
constructed from the Killing spinor is timelike or null, respectively. In the
time-like case we derive the general local form of the geometry and show
that it is almost completely determined by a certain SU(5) structure on
the ten-dimensional space orthogonal to the orbits of the Killing vector.
We also deduce what further conditions must be imposed in order that
the equations of motion are satisfied. We illustrate the formalism with
some known solutions and also present some new solutions including a
rotating generalisation of the resolved membrane solutions and generali-
sations of the recently constructed D=11 Go¨del solution. We also prove
some general vanishing theorems for compactifications with flux.
1 E-mail: j.p.gauntlett@qmul.ac.uk
2 E-mail: s.pakis@qmul.ac.uk
1 Introduction
Supersymmetric solutions of supergravity theories have played a prominent role in
many developments in string theory and it would be useful to have a systematic
classification of all such solutions. When the fluxes are all set to zero we know that
the supersymmetric geometries must admit covariantly constant spinors and hence
must admit metrics with special holonomy. In the Riemannian case the possible
special holonomy groups that can arise are completely classified. For a relevant
discussion on the Lorentzian case, see [1, 2].
There are many results in the literature concerning special cases when the fluxes
are non-vanishing but they are typically based on special ansatze¨1 and a global pic-
ture has been lacking. Here we shall propose a way to classify the local forms of
all supersymmetric solutions of D=11 supergravity, independent of ansatz, building
on the work of [4, 5, 6, 7, 8, 9] using the G-structures defined by Killing spinors2.
Moreover, it is clear how to extend the ideas to any supergravity theory. Indeed a
complete analysis for D = 5 minimal supergravity has already been carried out in [9]
(for earlier work on the simpler case of N = 2 supergravity in D = 4, using techniques
specific to D = 4, see [12]).
We should mention at the outset, that the classification we are advocating would
still leave the very challenging task of determining all of the explicit supersymmet-
ric solutions that can arise within the classes we will discuss. For example, in the
special case when the flux is zero, this corresponds to explicitly classifying all special
holonomy manifolds, which seems to require fundamentally new mathematical ideas
in order to make progress.
We start in section 2 by deriving a number of necessary conditions for a bosonic
geometry, consisting of a metric and a four-form, to admit Killing spinors. We first
construct differential forms of rank 0,...,5 from bi-linears of the Killing spinors. Fierz
identities lead to a number of algebraic conditions that these forms must satisfy, while
the Killing spinor equation gives a number of differential constraints. For example,
the vector fields dual to the one-forms K constructed from the Killing spinors are
always Killing. When one of the K is timelike, we show that some of the differential
conditions are those of generalised calibrations [13, 14, 15] for membranes and also for
fivebranes, with a small extension for the latter case. The same differential conditions
1An exception is the recent classification of maximally supersymmetric solutions of D=10,11
supergravity [3].
2For other work relating G-structures to supergravity solutions with non-vanishing fluxes, see
[10, 11].
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hold when K is null or, when there is more than one Killing spinor, spacelike, which
suggests an interesting extension of the notion of generalised calibration.
In section 3, we argue that G-structures are very useful for interpreting and or-
ganising the results of section 2. We begin by recalling the notion of G-structures and
their classification and then discuss how they can provide the basis for a classification
of all supersymmetric solutions. One important result is that any supersymmetric
solution, i.e. preserving at least one Killing spinor (1/32 supersymmetry), will either
have a privileged local SU(5) or an (Spin(7)⋉ R8)× R structure that is constructed
from the Killing spinor. The two cases are distinguished by whether the Killing vector
is time-like or null, respectively.
To be more precise, the Killing vector is either null everywhere or it isn’t. The
former “null”-case admits a globally3 defined (Spin(7) ⋉ R8) × R structure. In the
latter “time-like”-case there is at least a point and hence a neighbourhood where
K is timelike. Since the neighbourhood is topologically trivial, the frame bundle
can always be trivialised. However, for our purposes it will be important to note
that the Killing spinor defines a privileged D=11 SU(5) structure which satisfies
certain differential conditions and these are non-trivial even in the topologically trivial
neighbourhood. It should also be noted that the Killing spinor defines a global SU(5)
structure if we restrict to regions in which the Killing vector is time-like, which could
in fact be the whole manifold, if there are no points in which the Killing vector
becomes null.
The time-like case is analysed in detail in section 4. Working in a neighbourhood
where K is time-like, we use the Killing spinor equation and the SU(5) structure
to determine the general local form of the geometry. Since K is Killing the SU(5)
structure in eleven-dimensions turns out to be mostly specified by an SU(5) structure
in the ten-dimension base space orthogonal to the orbits of the Killing vector. The
only restriction on the ten-dimensional SU(5) structure is that the class W5, defined
later as the Lee-form of the (5,0)-form, is exact and related to the norm of the
Killing vector. We find that, much, but not all, of the form of the geometry is
determined by the SU(5) structure. In particular, there is a component of the four-
form field strength which is undetermined. The reason for this fact is simply that this
component drops out of the Killing spinor equation. The necessary and sufficient form
of the geometry is presented in (4.20), (4.21) and (4.22). By analysing integrability
conditions for the Killing spinor equation, we also determine the extra constraints
3We will ignore issues to do with precisely what kinds of singularities we want to allow in
physically relevant solutions.
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imposed on those geometries admitting Killing spinors in order that they solve the
equations of motion. The extra constraints are presented in (4.29) and (4.30). The
equations of motion constrain the component of the four-form that is not determined
by supersymmetry alone. Our results allow us to obtain some vanishing theorems for
compactifications with flux (for other such theorems in D=10 supergravity with NS
three-form flux only, and assuming a restricted class of configurations, see [16, 17, 8]).
The results for the time-like case presented here, and the analogous results for the
null-case, which we leave to future work, would classify the local form of the most
general bosonic supersymmetric solutions of D=11 supergravity. A refinement of this
classification would be to find the additional restrictions placed on the geometries
in order that they preserve more than one supersymmetry, and we discuss how in
principle this could be done.
In section 5 we use the results for the timelike case to obtain some some new
solutions. In [18, 19] (see also [20, 21, 22]) it was shown that the membrane solu-
tion with a transverse manifold of SU(4) holonomy can be resolved by switching on
additional four-form flux via a harmonic four-form. Here we will show that one can
extend these solutions to include rotation. In [9] a D=5 generalisation of the Go¨del
solution was constructed. It was shown that it can be uplifted to D=11 where it
then preserves 5/8 supersymmetry. The topology of the space is R11 and there is a
rotational one-form that lives in an R4 factor. We will show that there are further
solutions with more complicated rotation one-forms.
Section 6 briefly concludes.
2 Killing spinors and differential forms
The bosonic fields of D=11 supergravity consist of a metric, g, and a three-form
potential A with four-form field strength F = dA. The action for the bosonic fields
is given by
S =
1
2κ2
∫
d11x
√−gR− 1
2
F ∧ ∗F − 1
6
C ∧ F ∧ F (2.1)
where F = dC. The equations of motion are thus given by
Rµν − 1
12
(Fµσ1σ2σ3F ν
σ1σ2σ3 − 1
12
gµνF
2) = 0
d ∗ F + 1
2
F ∧ F = 0 (2.2)
We are interested in bosonic solutions to the equations of motion that preserve at
least one supersymmetry i.e. solutions that admit at least one Killing spinor, ǫ, which
3
solves
∇µǫ+ 1
288
[Γµ
ν1ν2ν3ν4 − 8δν1µ Γν2ν3ν4 ]Fν1ν2ν3ν4ǫ = 0 (2.3)
Note that due to the presence of the terms involving the four-form, the supercovariant
derivative appearing in (2.3) takes values in the Clifford algebra and not just the spin
subalgebra. Our conventions are outlined in appendix A.
Note that in M-theory, the field-equation for the four-form receives higher order
gravitational corrections [23, 24]:
d ∗ F + 1
2
F ∧ F = −βX8 , (2.4)
where
X8 =
1
192
(p21 − 4p2) , (2.5)
β = 2π/T5 where T5 = (2π)
1/3/(2κ2)2/3 is the tension of a single fivebrane, and the
Pontryagin-forms are given by
p1 = − 1
8π2
trR2
p2 = − 1
64π4
trR4 +
1
128π4
(trR2)2 . (2.6)
Since most of our analysis concerns the Killing spinor equation (2.3) this correction
will not play a large role in the following.
Consider a geometry that admits N Killing spinors ǫi, i = 1, .., N . We can define
the following one, two and five-forms that are symmetric in i, j:
Kijµ = ǫ¯
iΓµǫ
j
Ωijµ1µ2 = ǫ¯
iΓµ1µ2ǫ
j
Σijµ1µ2µ3µ4µ5 = ǫ¯
iΓµ1µ2µ3µ4µ5ǫ
j (2.7)
We can also define zero, three and four-forms which are anti-symmetric in i, j
X ij = ǫ¯iǫj
Y ijµ1µ2µ3 = ǫ¯
iΓµ1µ2µ3ǫ
j
Z ijµ1µ2µ3µ4 = ǫ¯
iΓµ1µ2µ3µ4ǫ
j (2.8)
Note that that the diagonal forms with i = j are non-vanishing if and only if ǫ is.
Indeed, in our conventions the charge conjugation matrix is given by C = Γ0, so
the zeroth component of the vector K in an orthonormal frame is given by Kii0 =
−(ǫi)T (ǫi). From the results presented in the next sub-section, it similarly follows
that Ωii,Σii are also non-vanishing if and only if ǫ is.
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In fact, following [25], we can argue that there are actually no points in the
spacetime where K ≡ Kii and hence ǫi vanishes. We will use two facts which will
be discussed later: firstly that K is either timelike or null and secondly that K is
Killing. Suppose then, that K and ǫi vanish at a point p. Consider a time-like
geodesic through p with tangent vector U . Since K is Killing, U ·K is constant along
the geodesic and since it vanishes at p it must in fact vanish along the whole of the
geodesic. However, U is timelike while K is non-spacelike and hence K and thus ǫi
must vanish along the whole of the geodesic. As this argument applies to any timelike
geodesic passing through p we conclude that ǫi vanishes to the future and past of the
point p. Assuming analyticity, we conclude that ǫi vanishes everywhere (assuming
that the spacetime is connected) which contradicts the assumption that we have a
Killing spinor.
2.1 Algebraic Relations
The differential forms defined above are not all independent. They satisfy certain
algebraic relations which are a consequence of the underlying Clifford algebra. One
way of obtaining these is by repeated use of Fierz identities. Another approach will
be mentioned later. Let us illustrate this by considering the case i = j and dropping
the ij indices, which covers the most general case when there is only one Killing
spinor.
We first relate Ω2 and Σ2 to K2. We use here the convention that for any p-form
α we have:
α2 ≡ 1
p!
αµ1µ2...µpα
µ1µ2...µp
By performing Fierz rearrangements on K2, Ω2 and Σ2 in turn we find three linearly
dependent equations. Solving them we find:
Σ2 = −6K2
Ω2 = −5K2 (2.9)
We also find the following relations:
Ωµ1
σ1Ωσ1
ν1 = −Kµ1Kν1 + δµ1ν1K2 (2.10)
1
4!
Σµ1
σ1σ2σ3σ4Σσ1σ2σ3σ4
ν1 = 14Kµ1K
ν1 − 4δµ1ν1K2 (2.11)
iKΩ = 0 (2.12)
iKΣ =
1
2
Ω ∧ Ω (2.13)
5
Kσ(∗Σ)σν1ν2ν3ν4ν5 = Ων1σΣσν2ν3ν4ν5 (2.14)
K2Ω ∧ Σ = 1
2
K ∧ Ω ∧ Ω ∧ Ω (2.15)
These are by no means exhaustive.
2.2 Differential Relations
The covariant derivatives of the differential forms can be calculated by using the fact
that a Killing spinor satisfies:
∇µǫi = 1
288
ǫ¯i[Γµ
ν1ν2ν3ν4 + 8δν1µ Γ
ν2ν3ν4]Fν1ν2ν3ν4 (2.16)
We find
∇µKijν =
1
6
Ωijσ1σ2Fσ1σ2µν +
1
6!
Σijσ1σ2σ3σ4σ5 ∗ Fσ1σ2σ3σ4σ5µν
∇µΩijν1ν2 =
1
3 · 4!gµ[ν1Σ
ij
ν2]
σ1σ2σ3σ4Fσ1σ2σ3σ4 +
1
3 · 3!Σ
ij
ν1ν2
σ1σ2σ3Fµσ1σ2σ3
− 1
3 · 3!Σ
ij
µ[ν1
σ1σ2σ3Fν2]σ1σ2σ3 +
1
3
Kij σFσµν1ν2
∇µΣijν1ν2ν3ν4ν5 =
1
6
Kij σ ∗ Fσµν1ν2ν3ν4ν5 −
10
3
Fµ[ν1ν2ν3Ω
ij
ν4ν5]
− 5
6
F[ν1ν2ν3ν4Ω
ij
ν5]µ
− 10
3
gµ[ν1Ω
ij
ν2
σF|σ|ν3ν4ν5] +
5
6
Fµ[ν1|σ1σ2|(∗Σij)σ1σ2ν2ν3ν4ν5]
+
5
6
F[ν1ν2|σ1σ2|(∗Σij)σ1σ2ν3ν4ν5]µ −
5
9
gµ[ν1Fν2|σ1σ2σ3|(∗Σij)σ1σ2σ3ν3ν4ν5]
(2.17)
The exterior derivatives of the forms are thus given by
dKij =
2
3
iΩijF +
1
3
iΣij ∗ F (2.18)
dΩij = iKijF (2.19)
dΣij = iKij ∗ F − Ωij ∧ F (2.20)
where eg (iΩF )µν = (1/2!)Ω
ρ1ρ2Fρ1ρ2µν .
From the first equation in (2.17) we can immediately deduce the important result
that each of the Kij are Killing vectors. Moreover, using the Bianchi identity, it is
simple to show that
LKijF = 0 (2.21)
for any Kij . Thus any geometry (g, F ) admitting Killing spinors posesses symmetries
generated by Kij .
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Notice, as somewhat of an aside, that using (2.18) we also have
LKij ∗ F = iKij (d ∗ F + 1
2
F ∧ F ) (2.22)
Now the fact that Kij is Killing and the condition (2.21) implies that both the left
and right hand side must vanish separately. This means that the presence of a Killing
spinor implies that some components of the equation of motion for the four-form are
automatically satisfied4. Notice also that this calculation provides a check on the sign
appearing in the Chern-Simons term in the D=11 supergravity Lagrangian, given the
form of the Killing spinor equation and the conventions for the Clifford algebra.
We next note that (2.19) is strikingly similar to the notion of generalised cali-
bration for static membranes introduced in [14] following [13]. Indeed consider the
special case that i = j and when K = Kii is a static Killing vector. Then taking
into account (2.12) we see that (2.19) is exactly the same equation satisfied by a
generalised calibration Ω for a membrane that was introduced in [14]. Recall that the
significance of generalised calibrations is that they calibrate supersymmetric brane
world-volumes in the presence of non-zero four-form flux. What we have shown here
is that supersymmetric D=11 geometries automatically give rise to generalised cali-
brations Ω.
That one gets the same result, in this special case, either from D=11 supergravity
or from the world-volume theory using kappa-symmetry as in [14], is perhaps not that
surprising since it is well known that the kappa-symmetry of the super-membrane
implies the equations of motion of D=11 supergravity [26, 27]. What is particularly
inteteresting, though, is that the D=11 supergravity result indicates that the notion
of generalised calibrations might be extended to more general settings than that
studied in [14]. Firstly, since (2.19) is valid when K is not only static but more
generally stationary, it suggests that the analysis of [14] can be straightforwardly
extended to the stationary case, as assumed in that paper. Secondly, (2.19) is also
valid when when K is null and it should be very interesting to elucidate the physical
interpretation of this from the world-volme point of view. Finally, when there is more
than one Killing spinor, Kij with i 6= j can also be spacelike. This latter case is at
least partially related to the issue discussed at the end of section II of [14] concerning
the fact that static supersymmetric branes can have some flat directions.
The notion of generalised calibrations for fivebranes is more complicated due to the
fact that the fivebrane world-volume has a self-dual three-form, which is responsible
4Note that we are ignoring the X8 correction here. To fully consistently incorporate it one needs
to also consider higher order correction terms to the Killing spinor equation. However, we note here
that if iKijX8 = 0 the above equation is consistent.
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for the fact that membranes can end on fivebranes. An initial investigation was
undertaken in [15] for the case of static configurations, where it was argued that
the generalised calibration for the five-brane is a pair consisting of a spatial five-
form and two-form. For static Kii these correspond to the spatial part of Σ and Ω.
The possibility of the five-form not being closed was considered in [15] and argued
to be related to Wess-Zumino terms in the fivebrane worldvolume theory. That Ω
might also not be closed was not considered in [15], but here we see that this is the
general situation and it is not difficult to see that this is again related to Wess-Zumino
terms in the fivebrane worldvolume theory. Moreover, our analysis reveals the correct
differential expressions when Kii is stationary and also when it is null, the latter case
again being particularly intriguing. As for membranes, there also seems to be an
interesting generalisation for spacelike Kij with i 6= j.
Returning to (2.17), it is also useful to note that we can extract
(∗d ∗ Ωij)ν = − 1
3 · 4!(Σ
ij)ν
σ1σ2σ3σ4Fσ1σ2σ3σ4
(∗d ∗ Σij)ν1ν2ν3ν4 =
8
3
(Ωij)σ[ν1Fν2ν3ν4]σ +
2
9
(∗Σij)σ1σ2σ3 [ν1ν2ν3Fν4]σ1σ2σ3 (2.23)
Finally, using the algebraic results of the last subsection it is simple to conclude that
the Lie-derivative of Ω and Σ with respect to K vanish:
LKΩ = 0
LKΣ = 0 (2.24)
The corresponding equations for X, Y and Z are given by
∇µX ij = − 1
3 · 3!(Y
ij)ρ1ρ2ρ3Fρ1ρ2ρ3µ1
∇µY ijν1ν2ν3 = −
1
3
X ijFµν1ν2ν3 −
1
6 · 3!Y
ijρ1ρ2ρ3 ∗ Fρ1ρ2ρ3µν1ν2ν3
− 1
4
Z ijρ1ρ2µ[ν1Fν2ν3]ρ1ρ2 −
1
2
Z ijρ1ρ2 [ν1ν2Fν3]µρ1ρ2 −
1
6
gµ[ν1Z
ij
ν2
ρ1ρ2ρ3Fν3]ρ1ρ2ρ3
∇µZ ijν1ν2ν3ν4 =
2
3
Y ijµ[ν1
ρFν2ν3ν4]ρ − 2Y ij [ν1ν2ρFν3ν4]µρ
− gµ[ν1Y ijν2ρ1ρ2Fν3ν4]ρ1ρ2 −
1
9
∗ Z ijµ[ν1ν2ν3ρ1ρ2ρ3Fν4]ρ1ρ2ρ3
+
1
18
∗ Z ijν1ν2ν3ν4ρ1ρ2ρ3Fµρ1ρ2ρ3 +
1
36
gµ[ν1 ∗ Z ijν2ν3ν4]ρ1ρ2ρ3ρ4Fρ1ρ2ρ3ρ4
(2.25)
and
(dX ij)µ1 = −
1
3 · 3!(Y
ij)ρ1ρ2ρ3Fρ1ρ2ρ3µ1
8
(dY ij)µ1µ2µ3µ4 = −
1
9
(Y ij)ρ1ρ2ρ3(∗F )ρ1ρ2ρ3µ1µ2µ3µ4 + (Z ij)[µ1µ2ρ1ρ2Fµ3µ4]ρ1ρ2
− 4
3
X ijFµ1µ2µ3µ4
(dZ ij)µ1µ2µ3µ4µ5 = −
20
3
(Y ij)[µ1µ2
ρ1Fµ3µ4µ5]ρ1 −
5
18
(∗Z ij)[µ1µ2µ3µ4ρ1ρ2ρ3Fµ5]ρ1ρ2ρ3
(2.26)
and also
(∗d ∗ Y ij)ν1ν2 = 0
(∗d ∗ Z ij)ν1ν2ν3 = −
1
2
(Y ij)σ1σ2 [ν1Fν2ν3]σ1σ2 −
1
36
(∗Z ij)ν1ν2ν3σ1σ2σ3σ4Fσ1σ2σ3σ4
(2.27)
2.3 Integrability
The integrability of the Killing spinor equation allows us to relate geometries admit-
ting Killing spinors to those that in addition solve the equations of motion. As shown
in the appendix, integrability of the Killing spinor equation implies that
0 = [Rµν − 1
12
(Fµσ1σ2σ3F ν
σ1σ2σ3 − 1
12
gµνF
2)]Γνǫi
− 1
6 · 3! ∗ (d ∗ F +
1
2
F ∧ F )σ1σ2σ3(Γµσ1σ2σ3 − 6δσ1µ Γσ2σ3)ǫi
− 1
6!
dFσ1σ2σ3σ4σ5(Γµ
σ1σ2σ3σ4σ5 − 10δσ1µ Γσ2σ3σ4σ5)ǫi (2.28)
for each Killing spinor ǫi.
Assume that we have a geometry (g, F ) that admits Killing spinors and that also
solves the Bianchi identity and the equations of motion for the four-form F . We then
deduce from (2.28) that
0 = EµνΓ
νǫi = 0 (2.29)
where Eµν = 0 is equivalent to the Einstein equations. We now follow the analysis of
[9]: hitting (2.29) with ǫ¯i we conclude that
EµνK
ν = 0 (2.30)
On the other hand if we hit it with EµσΓ
σ we conclude that
EµνEµ
ν = 0 no sum on µ (2.31)
As we shall discuss, the Killing vector K ≡ Kii is either a timelike or null. We
first assume that it is timelike. Introducing an orthonormal frame with K = e0, we
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deduce from (2.30) that Eµ0 = 0. The indices in (2.31) then run over spatial indices
only and we conclude that Eµν = 0 since there are no non-trivial null vectors in a
euclidean space. Alternatively if K is null we can set up a D=11 frame
ds2 = 2e+e− + eaea (2.32)
for a = 1, . . . 9, with K = e+. Now (2.30) implies E−µ = 0 while (2.31) implies E+a =
Eab = 0. Hence, one just needs to impose E++ = 0 to obtain a full supersymmetric
solution.
These results have some obvious practical benefits in finding explicit solutions.
3 Classifying solutions using G-structures
In the last section we derived a number of necessary conditions, both algebraic and
differential, for a geometry to possess Killing spinors. A useful organisational principle
is that of a G-structure.
Let us begin by recalling the definition of G-structure of a n-dimensional mani-
fold M . The frame bundle is a principal Gl(n) bundle and a G-structure is simply
a principal G-sub-bundle. Often, the G-structure can be equivalently specified by
the existence of no-where vanishing G-invariant tensors, and it is in this geometric
guise that G-structures will be important here. For example, a metric of euclidean
signature is equivalent to an O(n) structure and if supplemented with an orientation
is equivalent to an SO(n) structure. An almost complex structure J is equivalent to
a Gl(n/2, C) structure, and if supplemented with an hermitian metric is equivalent
to a U(n/2) structure, and so on. In D=11 supergravity the manifolds are equipped
with a Lorentzian metric, and a spin structure, so the frame bundle can always be
reduced to Spin(10, 1) and hence there is always a Spin(10, 1) structure.
Let us explain the main ideas in classifying G-structures using G ⊂ Spin(10, 1) as
an example (see e.g. [28, 29, 30] for further discussion). Consider a G ⊂ Spin(10, 1)
structure specified by G-invariant tensors and/or spinors, that we collectively define
by η. The essential idea is simple: as G defines a metric, one can take the covariant
derivative of η with respect to the Levi-Civita connection and then decompose the
result into irreducible G-modules. In more detail, one first uses the fact that there
is no obstruction to finding a connection preserving the structure. If we choose one,
∇′, then one notes that ∇η = (∇− ∇′)η. Now (∇− ∇′) is a tensor with values in
T ∗ ⊗ spin(10, 1) but acting on the G-invariant η we see that the piece of ∇η that
is independent of ∇′ is given by an element of T ∗ ⊗ g⊥ where g ⊕ g⊥ = spin(10, 1).
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This element is known as the intrinsic torsion and can be decomposed into irreducible
G-modules: ∇η ↔ T ∗ ⊗ g⊥ = ⊕iWi. In one extreme, all of these modules Wi are
present and one has the most general type of G-structure. In the other extreme, all of
the modules vanish and the tensors are covariantly constant giving rise to manifolds
with special holonomy G.
We can now use this language to interpret the algebraic and differential conditions
that we obtained for Killing spinor bi-linears in the last section. In particular, it will
provide us with a framework for classifying the local form of all supersymmetric
solutions of D=11 supergravity.
Start with the most general supersymmetric geometry preserving (at least) one
Killing spinor. That is, start with a D=11 geometry with a Spin(10, 1) structure
and assume that we have a globally defined spinor, which is equivalently specified
by the tensors K,Ω,Σ constructed from the bi-linears in the Killing spinors that we
introduced in the last section. We showed in section 2 that the Killing spinor is non-
vanishing. At a point, the isotropy group of the spinor is known to be either SU(5)
or (Spin(7)⋉ R8) × R [1] depending on whether K is time-like or null, respectively.
A spacelike K is not possible. The forms K,Ω,Σ are invariant under SU(5) or
(Spin(7)⋉R8)×R in each case, and one can interpret the complete algebraic identities
that K,Ω,Σ satisfy, of which we obtained a subset in the last section, as simply
encoding this information.
In the “null”-case K is null everywhere and in the “time-like” case it is time-like
at least at a point and hence at least in a neighbourhood of such a point. In the null
case the Killing spinor, or equivalently K,Ω,Σ, define a D = 11 (Spin(7)⋉ R8)× R
structure. A description of this unusual structure can be found in [1] (see also [2]).
For the time-like case, in situations in which K is time-like everywhere, the Killing
spinor, or equivalently K,Ω,Σ, define a D = 11 SU(5) structure. It can happen,
however, that there are supersymmetric geometries in which K is time-like in some
regions but becomes null at some points in the manifold, such as at a horizon. In
the generic case, therefore, we observe that if we restrict to regions in which K is
time-like then K,Ω,Σ still defines an SU(5) structure. It is in this sense that we
will say that the timelike case has an SU(5) structure. This will be sufficient for our
purposes, but we comment that since (K,Ω,Σ) are globally defined there may be a
another mathematical language to describe this situation.
The analysis in the next section for the time-like case, will be carried out in a
neighbourhood in which the Killing vector is timelike. Since the neighbourhood is
topologically trivial, the frame bundle can always be trivialised. To avoid possible
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confusion, we emphasise that the Killing spinor defines a privileged D=11 SU(5)
structure which satisfies certain differential conditions and these are non-trivial even
in the topologically trivial neighbourhood. For example the privileged SU(5) struc-
ture is equivalent to a certain metric on this neighbourhood.
So any geometry admitting a D=11 Killing spinor will either have a SU(5) struc-
ture or a (Spin(7) ⋉ R8) × R structure that is built from the Killing spinor. The
next steps in classifying the local form of the most general supersymmetric bosonic
geometries are to determine, in each case, the intrinsic torsion of the G-structure i.e.,
the type of G-structure that arises according to the classification of G-structures,
and then to see how much of the form of the geometry is specified by the structure.
This can be achieved by analysing the differential conditions imposed on the tensors
K,Ω,Σ that we obtained from the Killing spinor equation earlier.
We will carry out this analysis in detail for the case of a single timelike Killing
spinor in the next section. We will see that the differential conditions restrict the
type of SU(5) structure. In addition we will determine the general local form of the
geometry and show that it is almost completely determined by the SU(5) structure:
we will see that there is a component of the four-form that is not fixed by supersym-
metry alone. We will also prove a converse result, namely that given such a SU(5)
structure, with the appropriately specified four-form, then the geometry does indeed
admit at least one Killing spinor.
As noted in the last section, for the timelike case the integrability conditions for
the Killing spinor imply that in order to have a supersymmetric solution to the equa-
tions of motion, one just needs to impose the Bianchi identity and the equations of
motion for the four-form. These conditions impose further independent constraints
and in particular constrain the component of the four-form not specified by super-
symmetry.
A similar analysis for the null case, which we will leave for future work, would
then complete a classification of the local form of the most general types of bosonic
D=11 supergravity solutions. A finer classification would be to find the additional
restrictions placed on these geometries in order that they preserve more than one
supersymmetry. The additional Killing spinors will either be time-like or null and
hence there will be several SU(5) and/or (Spin(7)⋉R8)×R structures. Equivalently,
the structure group can be reduced further to the maximal common subgroup which
is the isotropy group of all of the spinors. So a first step to obtain this refined
classification would be to classify all of the different isotropy groups of 1,...,32 spinors.
In principle, one way of tackling this problem would be to derive algebraic conditions
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on the tensors Kij ,Ωij,Σij and X ij, Y ij , Z ij using various Fierz identities. However,
the calculations we carried out for the tensors with i = j in the last section were
already very involved and this would be a very clumsy approach. It should be more
efficient to generalise the work of [1]. In addition, we note that the groups appearing
in tables 1 and 2 of [2] will certainly be relevant.
The second step in obtaining the refined classification would be to determine the
intrinsic torsion of the G-structure defined by the Killing spinors and to see how much
of the form of the geometry is specified by the structure. Again this information
is contained in the differential conditions imposed on the tensors Kij ,Ωij,Σij and
X ij, Y ij, Z ij that we obtained from the Killing spinor equation. The results of the
next section on the case of a single time-like spinor are encouraging that this entire
programme could be carried out.
4 The stationary case and SU(5) structure
In this section we will determine the most general form of geometries admitting at
least one timelike Killing spinor. The spinor can be used to construct a one-form K,
a two-form Ω and a five-form Σ. Working in a neighbourhood where K is time-like,
these forms together specify a privileged SU(5) structure in D=11. An important
restriction on this D=11 structure is that the dual time-like vector field toK is Killing.
We can thus introduce a time coordinate along the orbits of the Killing vector, so
that we have K = −∆2(dt + ω), with ∆ and ω independent of t. The metric then
takes the form:
ds211 = −∆2(dt+ ω)2 +∆−1gmndxmdxn (4.1)
and K2 = −∆2. The metric ∆−1gmn is a metric on the ten dimensional euclidean
spatial base manifold, which we will denote by B, defined via the orthogonal pro-
jection of the eleven dimensional metric with respect to the Killing vector. We will
work in these coordinates and then obtain the full geometry by analytic continuation
at the end.
From (2.12) and (2.24) we immediately deduce that Ω is a two-form on the base
manifold. If we raise an index using the metric g we obtain an almost complex
structure on B. The metric g is then hermitian with respect to this almost complex
structure and Ω is the Ka¨hler form.
Using (2.13) it follows that the five-form Σ can be written as
Σ =
1
2
∆−1e0 ∧ Ω ∧ Ω +∆−3/2χ (4.2)
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where, again using (2.24), χ is a five-form on B and we have defined
e0 = ∆(dt+ ω) (4.3)
which can be used to build an orthonormal frame in D = 11. If we now define
θ = χ− i ∗ χ (4.4)
where, in this section, ∗ is the Hodge star with respect to the metric g, we conclude
from (2.14) that θ is a (5, 0) form on B. This means that the ten-dimensional base
manifold B admits an SU(5) structure specified by Ω, θ, or equivalently by g,Ω, χ.
In most of the subsequent analysis, the focus will be on the D=10 SU(5) structure
on B.
Note that the factors of ∆ were inserted in the definition of χ in (4.2) to ensure
that the SU(5) structure satisfies the compatibility condition
χ ∧ ∗χ = −24Ω
5
5!
(4.5)
Note also that
χ2 = 16 (4.6)
where the indices here are contracted using the metric g, which can be deduced from
(2.9).
The existence of an SU(5) structure allows us to decompose the complexified
space of forms on B into irreducible representations of SU(5), and this will be very
useful in the following. We first decompose the space of forms into (p, q)-forms. Pure
forms of type (p, 0) form irreducible representations of SU(5). For mixed forms we
need to remove traces taken with Ω to form irreducible representations so these split
further into:
Λ(1,1) ∼= Λ(1,1)0 ⊕ R
Λ(2,1) ∼= Λ(2,1)0 ⊕ Λ(1,0)
Λ(2,2) ∼= Λ(2,2)0 ⊕ Λ(1,1)0 ⊕ R
Λ(3,1) ∼= Λ(3,1)0 ⊕ Λ(2,0)
Λ(3,2) ∼= Λ(3,2)0 ⊕ Λ(2,1)0 ⊕ Λ(1,0)
Λ(4,1) ∼= Λ(4,1)0 ⊕ Λ(3,0) (4.7)
where the subscript 0 denotes a traceless form. The rest are determined by complex
conjugation and by noting that * maps a (p, q)-form to (5− q, 5− p)-form.
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It will be helpful at this point to briefly review the classification of SU(5) struc-
tures on ten-dimensional Riemannian manifolds (further comments are made in ap-
pendix C). We noted in the last section that G-structures are classified by the intrinsic
torsion, which is an element of T ∗ ⊗ g⊥. Here g⊥ is defined by su(5)⊕ g⊥ ∼= so(10).
Noting that the adjoint of so(10) decomposes under su(5) via 45→ 1+10+ 1¯0+24
and that 24 is the adjoint of su(5), we conclude that the intrinsic torsion is given by
the SU(5) modules:
(5+ 5¯)×(1+10+ 1¯0)→ (10+ 1¯0)+(40+ 4¯0)+(45+ 4¯5)+(5+ 5¯)+(5′+ 5¯′) (4.8)
In other words, the intrinsic torsion is given by five SU(5) modules: T ∗ ⊗ g⊥ ≃
W1⊕W2⊕W3⊕W4⊕W5, where conventionally5 theWi are given in the order noted
in (4.8). The component of the intrinsic torsion in the module Wi will be denoted by
Wi.
It will be very important in the following to use the fact that the Wi, and hence
the intrinsic torsion, are determined by dΩ and dχ. One sees that this is possible by
consideration of the su(5) irreps appearing in dΩ and dχ. Consider first the three-
form dΩ corresponding to the 120 of SO(10). Since Ω is a (1, 1) form, dΩ will have
a (3, 0) + (0, 3) piece and also a (2, 1) + (1, 2) piece. Removing the trace from the
latter pieces, one obtains the decomposition 120 → 45 + 4¯5 + 10 + 1¯0 + 5 + 5¯
under SU(5) ⊂ SO(10). Similarly, since χ is the real part of a (5, 0) form, the six-
form dχ will have a (5, 1) + (1, 5) and a (4, 2) + (2, 4) part. These give rise to the
representations 5+ 5¯+ 10+ 1¯0+ 40+ 4¯0. We thus see that dΩ and dχ contain all
the irreps appearing in the Wi. In more detail we can define the following irreducible
components of dΩ and dχ:
χ ∧ dΩ = Ω ∧ dχ = W1 ∧ Ω33!
(dχ)4,2 + (dχ)2,4 =W2 ∧ Ω+ 13W1 ∧ Ω
2
2!
(dΩ)2,1 + (dΩ)1,2 = W3 +
1
4
W4 ∧ Ω
W4 = ΩydΩ
W5 = χydχ (4.9)
with W1 = ∗(Ω ∧ dχ). Here we have introduced the notation ωyν which contracts a
p-form ω into a n + p-form ν via:
(ωyν)i1...in =
1
p!
ωj1...jpνj1...jpi1...in (4.10)
5The modules W1⊕W2⊕W3⊕W4 are those arising in the classification of U(5) structures [31].
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A more precise connection between the intrinsic torsion and the Wi is presented in
appendix C. Note that the 10+ 1¯0 part of dχ is related to the 10+ 1¯0 of dΩ through
the condition Ω ∧ χ = 0. For orientation, note that the almost complex structure
is integrable iff W1 = W2 = 0 so that manifolds with an SU(5)-structure of type
W3 ⊕W4 ⊕W5 are hermitian manifolds. Also if all Wi vanish so that the intrinsic
torsion vanishes then the manifold is Ricci flat and has holonomy G ⊆ SU(5). We will
see that the SU(5) structure arising on the base manifold B is only weakly restricted
in general.
We are now ready to relate the components of F to the SU(5)-structure (g,Ω, χ).
We will see that almost all of F is determined by the structure. First we write
F = ∆−1e0 ∧G+H (4.11)
where G is a three-form and H is a four-form defined on B. The eleven dimensional
Hodge dual of F is thus given by:
∗11F = ∆−3 ∗G+∆−1e0 ∧ ∗H
We find from (2.19) that
G = dΩ (4.12)
and from (2.20) that
d(∆−3/2χ) +
1
2
dω ∧ Ω ∧ Ω = ∗H − Ω ∧H (4.13)
So G is clearly determined by the structure. We now attempt to solve (4.13) for
H . Introducing the map
Θ : Λ4(B)→ Λ4(B)
α 7→ α− ∗(Ω ∧ α) (4.14)
we can rewrite (4.13) as:
∗Θ(H) = d(∆−3/2χ) + 1
2
dω ∧ Ω ∧ Ω (4.15)
Now H is a four-form and can be split into irreducible SU(5) representations. The
210 of SO(10) decomposes under SU(5) as,
210→ 1+ 5 + 5¯+ 10+ 1¯0+ 24 + 40+ 4¯0+ 75
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Irreps E-Values
1 −2
5, 5¯ 0
10, 1¯0 −1
24 3
40, 4¯0 2
75 0
Table 1: Eigenvalues of the irreducible representations of Λ6 under the map Θ. Since
the map is real the conjugates of the complex representations have the same eigen-
values.
We can thus write
H = H1 +H5+5¯ +H10+1¯0 +H24 +H40+4¯0 +H75 (4.16)
Each four-form Hi can then be written in terms of certain (p, q) forms defining SU(5)
irreps. Using the identities listed in (D.1) a calculation shows that each irreducible
representation is an eigenvector of Θ with eigenvalues given in table 1. Note that
three of the representations have zero eigenvalue. This has important consequences,
as we shall see. We next split the right hand side of (4.15) into irreducible SU(5)
components. For dχ this was noted above. For the second term we write dω =
dω(0)Ω+dω
(1,1)
0 +dω
(2,0)+dω(0,2), corresponding to the decomposition 45→ 1+24+
10+ 1¯0.
So let us see what we can conclude from the above. First consider the 75 part.
This is projected out on the left hand side of (4.15) but is also not present on the
right hand side. So we have no contradiction here. Next consider the 5 + 5¯ part.
Again this is projected out by Θ but is generically present on the left hand side. So
we conclude that the (5, 1) piece of d(∆−3/2χ) vanishes. Equivalently, we conclude
that the (5, 1) piece of dχ corresponding to W5 is exact:
W5 = −12 d log∆ (4.17)
For the remaining representations the eigenvalues are non-zero and (4.15) allows us
to determine the corresponding Hi in terms of the structure. We find,
H1 = −3
4
(dω)(0)Ω2
H10+1¯0 = −[
1
3
∗ (Ω ∧ d(∆−3/2χ)) + (dω)(2,0) + (dω)(0,2)] ∧ Ω
H24 = −1
3
(dω)
(1,1)
0 ∧ Ω
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H40+4¯0 =
1
2
∗ d(∆−3/2χ)− 1
6
∗ (Ω ∧ d(∆−3/2χ)) ∧ Ω (4.18)
where Ωn denotes the wedge product of n factors of Ω.
At this point both H75 and H5+5¯ are undetermined. However, we can now use the
equation for dK in (2.18) to relate the 5+ 5¯ part of dΩ and H to ∆ giving:
∆3/2
6 5!
∗Hmn1...n5χn1...n5 = ∂mlog∆−
1
6
Ωr1r2(dΩ)mr1r2 (4.19)
Looking at equations (2.23) we find no further constraints.
So let us summarize what we have learned. Any geometry admitting a timelike
Killing spinor can be written in the form
ds211 = −∆2(dt+ ω)2 +∆−1gmndxmdxn (4.20)
where the base space with metric g admits an SU(5) structure (g,Ω, χ) whose only
restriction is that W5 is exact and related to the warp factor ∆ via
W5 = −12d log∆ (4.21)
The four-form field strength can be written as:
F = (dt+ ω) ∧ dΩ− [3
4
(dω)(0)Ω + (dω)(2,0) + (dω)(0,2) +
1
3
(dω)
(1,1)
0 ] ∧ Ω
+
1
2
∗ d(∆−3/2χ)− 1
2
∗ [Ω ∧ d(∆−3/2χ)] ∧ Ω
− 1
16
∗ ([W5 + 4W4] ∧∆−3/2χ) + F75 (4.22)
where F75 (= H75) is an arbitrary 4-form on B in the 75 of SU(5) (i.e. F75 ∈ Λ(2,2)0 ),
W4 and W5 are defined in (4.9) and dω = dω
(0)Ω + dω
(1,1)
0 + dω
(2,0) + dω(0,2).
We started this section with the SU(5) structure in D=11 specified by K,Ω,Σ.
However, our derivation of (4.20), (4.21), (4.22) mostly involved the SU(5) structure
in D=10 which is a component of the D=11 SU(5) structure. The reason for this is
that the D=11 structure is constrained by the fact thatK is Killing, LKΩ = LKΣ = 0
and we worked with the obvious adapted co-ordinates. Now dω is an arbitrary closed6
two-form on B as far as the D=10 SU(5) structure is concerned. On the other hand,
one can show that dK specifies a part of the intrinsic torsion of the D=11 structure,
and since dK = 2d(log∆) ∧K −∆2dω we conclude that dω is in fact determined by
the D = 11 structure. This is in contrast to F75 which is determined by neither the
6Since ω need only be locally defined.
18
D=10 nor the D=11 structure. See appendix E for further comments about the type
of SU(5) structure in D=11.
We have thus derived necessary conditions on the local form of the most general
bosonic geometry admitting a timelike Killing spinor. The form includes a completely
undetermined component of the field strength and one might wonder if further condi-
tions might be imposed by considering the covariant derivatives of Ω and Σ and not
just the exterior derivatives. To see that they are not we will now prove a converse
result: that the above form of the metric and four-form field strength does indeed
admit a Killing spinor. In particular F75 drops out of the Clifford connection appear-
ing in the Killing spinor equation. It is for this reason that this component of the
field-strength is not determined by the Killing spinor equation alone.
To see this we first note that the geometry should preserve a single Killing spinor
ǫ giving rise to the SU(5) structure in D = 11. Such a spinor can be specified by
demanding that it be left inert by a number of projection operators. First introduce
the obvious orthonormal frame
e0 = ∆(dt+ ω)
ei = ∆−1/2e¯i (4.23)
where e¯i is an orthonormal frame for the base manifold B. The D=11 gamma matrices
give rise to D=10 gamma-matrices Γi with Γ0 = Γ1...10 proportional to the chirality
operator. It is convenient to introduce the chiral complex spinor
η =
(1 + iΓ0)√
2
ǫ (4.24)
in terms of which
Ωij = −iη†Γijη
θi1...i5 = iη
TΓi1...i5η (4.25)
Both the real an imaginary parts of η give equivalent SU(5) structures, but only the
real part will be a Killing spinor, as we shall see. Now the almost complex structure on
the base manifold is not integrable in general, and hence we cannot always introduce
complex co-ordinates. Nevertheless we can consistently introduce holomorphic and
anti-holomorphic tangent space indices which simplifies the calculation. In terms of
these we conclude that η satisfies the projections
Γaη = 0 (4.26)
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where a = 1 . . . 5 is a holomorphic index and also
Γa1...a5η = −iθa1...a5η∗ (4.27)
We now consider the Killing spinor equation acting on ǫ = (η+ η∗)/
√
2. Plugging
in the expression for the four-form and dealing with each SU(5) irrep separately, we
find after a lengthy computation and using (D.2), that
[∇m + 1
160
(ΩW5 + 5ΩW4)mΩk1k2Γ
k1k2 − 1
16
(W4)kΓm
k
+
1
8
Ωm
r(W3)rk1k2Γ
k1k2 − 1
394
χmk1k2
n1n2(W1)n1n2Γ
k1k2
+
1
192
Ωm
r(W2)rℓ1ℓ2ℓ3χ
ℓ1ℓ2ℓ3
k1k2Γ
k1k2](η0 + η
∗
0) = 0 (4.28)
where we have rescaled the spinor η ≡ ∆1/2η0 and used the notation ΩVm ≡ ΩmrVr.
Now both η0 and η
∗
0 are solutions to this equation since the connection is simply the
sum of the Levi-Civita connection on B with the intrinsic contorsion of the D = 10
SU(5) structure, as we show in appendix C. However, one should not conclude that
there are two Killing spinors: the point is that (4.28) only arises when the Killing
spinor equation is acting on the sum (η + η∗)/
√
2 and not on η, η∗ separately. Thus
we conclude that the geometry in general preserves one Killing spinor ∆1/2(η0 + η
∗
0)
corresponding to just 1/32 supersymmetry.
Note that while the covariant derivative appearing in the original Killing spinor
equation of D=11 supergravity (2.3) takes values in the Clifford algebra, the covariant
derivative appearing in (4.28) takes values in the spin sub-algebra. In other words,
the four-form field strength is necessarily constrained in such a way that it trans-
forms the Clifford connection into a spin connection when acting on the preserved
supersymmetries.
We have now shown that the form (4.20), (4.21), (4.22) is both necessary and
sufficient for a geometry to admit a single time-like Killing spinor. However not all
such spacetimes are solutions of eleven dimensional supergravity. To obtain solutions
of the theory one just has to impose the gauge equations of motion and the Bianchi
identity for F since the Einstein equations will then be automatically be satisfied as
we showed in section 2.3. The Bianchi identity for F can be written
dω ∧ dΩ + dH = 0 (4.29)
while the equation of motion for the four-form gives rise to two equations
d(∆−3 ∗ dΩ) + dω ∧ ∗H + 1
2
H ∧H = −βX8
dΩ ∧H − d ∗H = 0 (4.30)
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Here we have added in the correction term to the field equation and have assumed
that iKX8 = 0. Note that the third equation is actually implied by the first (see
the discussion following (2.22)). To check this in detail one can take the exterior
derivative of (4.15) to find
d(∗Θ(H))− dω ∧ dΩ ∧ Ω = 0 (4.31)
and then substitute (4.29). Note that one can further substitute the expression for H
given by (4.18) and (4.19) into (4.29), (4.30) but as the result is not too illuminating
we shall not present it here. It is worth emphasising that the component of the four-
form not determined by the Killing spinor equation, F75, is constrained and related
to the SU(5) structure by the Bianchi identity and the equations of motion
At this stage we can present some vanishing theorems when the ten-dimensional
base manifold B is compact. Consider first the case when H = 0 and hence F =
(dt+ ω) ∧ dΩ. We then have
∫
B
∆−3dΩ ∧ ∗dΩ = −
∫
B
Ω ∧ d(∗∆−3dΩ) = 0 (4.32)
where we have integrated by parts and then used the equation of motion (4.30)
(ignoring the X8 correction). Since the left hand side of the equation is positive semi-
definite we conclude that dΩ = 0 which in turn implies that the four-form F = 0.
Let us now obtain two results for non-vanishing H . First observe that using (4.15)
and (4.18) we deduce
d(∆−3/2χ) = ∗Θ(H)− 1
2
dω ∧ Ω2 = ∗Θ(H ′) (4.33)
where H ′ is defined to be the pieces of H that are independent of dω. Next consider
∫
B
∗Θ(H ′) ∧Θ(H ′) = −
∫
B
∆−3/2χ ∧ dΘ(H ′) (4.34)
where we have integrated by parts. We next note that
dΘ(H ′) = d(−H ′10+1¯0 + 2H40+4¯0) (4.35)
On the other hand we know from the Bianchi identity (4.29) that
dω ∧ dΩ + dH = 0 (4.36)
If we now restrict to dω = dω(2,0) + dω(0,2) then this equation becomes
d(H5+5¯ −H ′10+1¯0 +H40+4¯0 +H75) = 0 (4.37)
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Comparing with (4.35) suggests we should further restrict to H5+5¯ = H75 = 0.
We now obtain two theorems. If dω = dω(2,0) + dω(0,2), H5+5¯ = H75 = 0 and
H40+4¯0 = 0 then (4.37), (4.35) and (4.33) implies that H10+1¯0 = 0 also and hence
H=0. Similarly if dω = dω(2,0) + dω(0,2), H5+5¯ = H75 = 0 and H10+1¯0 = 0 then
H40+4¯0 = 0 also and hence H=0. In both cases the previous result assuming H = 0
and arbitrary dω then implies that F = 0.
5 Examples of solutions with SU(5) structures
In order to gain some further insight into the formalism, we will now display SU(5)
structures for some known solutions. As a bonus, in carrying out this exercise we will
be able to spot some new solutions.
5.1 M5 branes
Let us first look at the simple M5-brane solution. The metric and field strength can
be written as:
ds211 = H
−1/3(−dt2 + dxidxi) +H2/3dyidyi
∗11F = −dt ∧ dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dH−1 (5.1)
with i = 1, . . . , 5 and H = H(y) a harmonic function. This solution is well known to
preserve 1/2 of the supersymmetry: the Killing spinors satisfy the single projection
Γ012345ǫ = ǫ. There are certainly timelike spinors which satisfy this projection and so
we should be able to display a SU(5) structure for it.
Comparing with (4.20) we identify ∆ = H−1/6 and the base space metric is then
given by,
ds2 = H−1/2dxidxi +H1/2dyidyi (5.2)
Define the complex (1, 0) frame,
Θi = H−1/4dxi + iH1/4dyi (5.3)
The corresponding SU(5) structure is given by:
Ω =
i
2
Θi ∧ Θ¯i
χ = Re(Θ1 ∧Θ2 ∧Θ3 ∧Θ4 ∧Θ5) (5.4)
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In terms of the coordinate basis these are given by
Ω = dxi ∧ dyi
χ = H−5/4dx12345 − H
−1/4
3!2!
εi1....i5dx
i1i2i3 ∧ dyi4i5 + H
3/4
4!
εi1...i5dx
i1 ∧ dyi2...i5(5.5)
where εi1...i5 is just the d = 5 permutation symbol.
To see that this SU(5) structure is indeed related to a Killing spinor we first note,
after a small calculation, that d(∆−3/2χ) has no (5, 1)+(1, 5) pieces and hence (4.21)
is satisfied. This is the only restriction required on the structure, but we note that
here we also have dΩ = 0. We next need to show that the four-form can be recovered
from (4.22). Interestingly, to achieve this it is necessary to include a non-vanishing
F75. Specifically we set
F75 =
1
16 · 2!2!∂
ilogHεij1...j4Θ
j1 ∧Θj2 ∧ Θ¯j3 ∧ Θ¯j4 (5.6)
and then (4.22) agrees with the expression in (5.1).
Since the fivebrane solution preserves 16 Killing spinors the solution has more
than one SU(5) structure. Note also that some of the Killing spinors can be null so
that the solution also belongs to the null class. It would be interesting to display
the SU(5) structure for the solution corresponding to a fivebrane wrapping a SLAG
five-cycle [32], as this solution preserves just 1/32 supersymmetry .
5.2 Flat and resolved M2 branes
Let us now recover some known solutions involving membranes. We take the ten-
dimensional base space B to be of the form:
ds2 = ∆3(dx21 + dx
2
2) + ds
2(M8) (5.7)
where ds2(M8) is a Ricci flat metric with holonomy contained in SU(4). One can
then define the following SU(5) structure
Ω = ∆3dx1 ∧ dx2 + ω(8)
χ = ∆3/2(dx1 ∧ χˆ1 + dx2χˆ2) (5.8)
where we have introduced the Ka¨hler form ω(8) and holomorphic (4, 0) form θˆ =
χˆ1 − iχˆ2 of M8. The base space has in fact an SU(4) ⊂ SU(5) structure. Note that
the normalizations of Ω and χ are not arbitrary but are chosen to ensure that Ω is
a Ka¨hler form for the base space and that they satisfy the compatibility condition
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(4.5). Also we could have chosen an arbitrary function f 2 in the metric instead of ∆3
but demanding that (4.21) is satisfied implies that f 2 = ∆3.
For simplicity we will assume that ∆ does not depend on (x1, x2). This implies
that the 5+ 5¯ piece of the spatial part of the four-form field strength vanishes. Let us
first restrict to static solutions and set the rotation parameter to zero. The expression
for the four-form field strength (4.22) becomes
F = dt ∧ dx1 ∧ dx2 ∧ d∆3 + F75 (5.9)
where F75 is any four form on the base space in the 75 of SU(5). Imposing the
Bianchi identity and gauge equations of motion and using ∗F75 = F75 ∧ Ω one finds:
dF75 = 0
d ∗8 d∆−3 − 1
2
F75 ∧ F75 = −βX8 (5.10)
where ∗8 is the Hodge star with respect to the 8 dimensional metric.
In the simple case that F75 = 0 and flat transverse space, we recover the well
known 1/2 supersymmetric M2 brane solution
ds2 = H−2/3(−dt2 + dx21 + dx22) +H1/3ds2(E8)
F = dt ∧ dx1 ∧ dx2 ∧ d(H−1) (5.11)
where H ≡ ∆−3 is harmonic.
Another possibility is to take F75 to be a four form onM8. Under SU(4) ⊂ SU(5)
we have the following decomposition: 75 → 15 + 20 + 2¯0 + 20′. The first three
representations occur when one of the indices of F75 is in the (x
1, x2) directions so
for F75 to be a four form on M8 it must belong to the 20
′ of SU(4) i.e. it must be a
self-dual (2, 2) form. Since it must be closed it follows that F75 = L(2,2) with L(2,2) a
harmonic self dual four form. This modifies the equation for H and we get
H = −1
2
|L(2,2)|2 + βX8 (5.12)
Thus we recover the resolved 1/8 supersymmetric M2 brane solutions of [20, 21, 22,
18, 19]. As for the fivebrane solution, these solutions also belong to the null class.
A simple rotating generalisation of these solutions is to choose dω to be the sum
of a (2, 0) + (0, 2) form. Specifically, given a closed two-form α ∈ Λ2,0(M8) we set
dω = α + α¯ and get the supersymmetric solution
ds2 = H−2/3[−(dt+ ω)2 + dx21 + dx22] +H1/3ds2(M8)
F = (dt+ ω) ∧ dx1 ∧ dx2 ∧ d(H−1) + F75 (5.13)
with (5.10) unchanged.
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5.3 Rotating Calabi-Yau and the Go¨del solution
Recently, an interesting generalisation of the Go¨del solution was found in five-dimensions
[9]. Uplifted to D=11 it was shown to preserve 5/8 of the supersymmetry. We now
show that this fits into a broader class of new solutions.
We look for rotating solutions with no warp factor for which the base spaceM10 is
a complex manifold with holonomy G ⊆ SU(5). Then, the only non-zero components
of the field strength can arise from the rotation and from F75. Similarly to the last
sub-section, we set dω = α+ α¯ with α ∈ Λ2,0(M10). We then find the supersymmetric
solution
ds211 = −(dt + ω)2 + ds2(M10)
F = −dω ∧ Ω + F75 (5.14)
provided that dF75 = 0 and F75 ∧ F75 = βX8.
As a particular example of this class of solutions we take the base space to be
flat E10 and set F75 = 0. Introduce complex coordinates z
a for E10 and the canonical
SU(5) structure,
Ω =
i
2
dza ∧ dz¯a
χ = Re(dz1 ∧ dz2 ∧ dz3 ∧ dz4 ∧ dz5) (5.15)
One can then choose α = dz1 ∧ dz2 and this gives the Go¨del solution of [9] which
preserves 5/8 supersymmetry. Further Go¨del-type solutions are obtained by choosing
different α ∈ Λ2,0(E10), and it would be interesting to see which of them preserve
exotic fractions of supersymmetry.
6 Conclusion
We have shown that the most general supersymmetric configurations of D=11 su-
pergravity, preserving at least one Killing spinor, have either a privileged SU(5) or
a (Spin(7) ⋉ R8) × R structure constructed from the Killing spinor, depending on
whether the vector constructed from a bi-linear of the Killing spinor is time-like or
null, respectively. For the time-like case, we carried out a detailed local analysis using
the Killing spinor equation: we found that the SU(5) structure in D=11 is restricted
by the fact that the time-like vector is always Killing and that the SU(5) structure
of the D=10 base space orthogonal to the orbits of the Killing vector is only weakly
constrained. We deduced the necessary and sufficient conditions on the form of the
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geometry admitting Killing spinors and showed that most of the form is determined
by the D=11 SU(5) structure. In particular there was a component of the four-form
which dropped out of the Killing spinor equation and hence is undetermined. We also
analysed what extra constraints are imposed in order to ensure that the geometries
preserving Killing spinors also solve the equations of motion. These constraints relate
the component of the four-form undetermined by the Killing spinor equation to the
SU(5) structure. To complete the classification of the most general supersymmetric
solutions we need to carry out a similar analysis for the null case.
The formalism was used to prove some no-go theorems when the D=10 base
space is compact and also to construct some new solutions. It would be interesting
to study the new solutions further. For example it would be interesting to determine
the fraction of supersymmetry preserved by the new Go¨del-type solutions presented
at the end of section 5.3.
We have also proposed a finer classification for configurations that preserve more
than one supersymmetry. Such configurations will have various numbers of different
SU(5) and/or (Spin(7)⋉R8)×R structures that can be constructed from the Killing
spinors, or equivalently, a privileged G-structure with G ⊂ SU(5) or G ⊂ (Spin(7)⋉
R
8)× R. The first step then, is to classify these G-structures which are defined to be
the isotropy groups of the Killing spinors. They can also be specified by algebraic
conditions on the tensors that can be constructed from bi-linears in the spinors. The
second step in the classification is to then use the Killing spinor equation to place
constraints on the G-structure, as well as to solve for various parts of the metric and
four-form field strength in terms of the structure. It would be quite an achievement
to carry out this programme in full.
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A Conventions
We use the signature (−,+, ...,+). D=11 co-ordinate indices will be denoted µ, ν, . . .
while tangent space indices will be denoted by α, β, . . ..
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The D=11 spinors we will use are Majorana. The gamma matrices satisfy
{Γα,Γβ} = 2ηαβ (A.1)
and can be taken to be real in the Majorana representation. They satisfy, in our
conventions, Γ012345678910 = 1 and as a consequence of this the following duality
relation holds:
Γα1α2...αp = (−1)
(p+1)(p−2)
2
1
(11− p)!εα1α2...αp
αp+1αp+2...α11Γαp+1αp+2...α11 (A.2)
where we have defined
ε012345678910 = +1 (A.3)
It follows that ∆ = {1,Γα1 ,Γα1α2 ,Γα1α2α3 ,Γα1α2α3α4 ,Γα1α2α3α4α5} is a basis of the
Clifford algebra Cℓ(10, 1) ∼= R(32), where R(32) is the algebra of 32 × 32 matrices.
We will use repeatedly the following formula for anti-symmetrising products of gamma
matrices:
Γα1α2...αnΓ
β1β2...βm =
k=min(n,m)∑
k=0
m!n!
(m− k)!(n− k)!k!Γ[α1α2...αn−k
[βk+1...βmδβ1αnδ
β2
αn−1
...δ
βk]
αn−k+1]
(A.4)
For any M,N ∈ R(32) we can perform a Fierz rearrangement using:
Ma
bN c
c =
1
32
{(NM)adδcb + (NΓα1M)ad(Γα1)cb
− 1
2!
(NΓα1α2M)a
d(Γα1α2)c
b − 1
3!
(NΓα1α2α3M)a
d(Γα1α2α3)c
b
+
1
4!
(NΓα1α2α3α4M)a
d(Γα1α2α3α4)c
b +
1
5!
(NΓα1α2α3α4α5M)a
d(Γα1α2α3α4α5)c
b}
(A.5)
where a, b, c, d = 1, . . . , 32.
Given a Majorana spinor ǫ its conjugate is given by ǫ¯ = ǫTC, where C is the charge
conjugation matrix in D=11 and satisfies CT = −C. In the Majorana representation
we can choose C = Γ0. An important property of gamma matrices in D=11 is that
the matrix CΓα1α2...αp is symmetric for p = 1, 2, 5 and antisymmetric for p = 0, 3, 4
(the cases p > 5 are related by duality to the above). For an antisymmetrized product
Γ(n) of n gamma matrices and any spinor ǫ we have :
Γ(n)ǫ = (−1)
n(n+1)
2 ǫ¯Γ(n) (A.6)
The Hodge star of a p-form ω is defined by
∗ ωµ1...µ11−p =
√−g
p!
ǫµ1...µ11−p
ν1...νpων1...νp (A.7)
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and the square of a p-form via
ω2 =
1
p!
ωµ1...µpω
µ1...µp (A.8)
B Integrability conditions from the Killing spinor
equation
Taking the second covariant derivative of the Killing spinor equation (2.3) and anti-
symmetrising we obtain:
∇[ρ∇µ]ǫ = − 1
288
(Γ[µ
ν1ν2ν3ν4 − 8δν1[µΓν2ν3ν4)∇ρ]Fν1ν2ν3ν4ǫ
+
1
2882
(Γ[µ
ν1ν2ν3ν4 − 8δν1[µΓν2ν3ν4)(Γρ]σ1σ2σ3σ4 − 8δσ1[ρ Γσ2σ3σ4)Fν1ν2ν3ν4Fσ1σ2σ3σ4ǫ
(B.1)
The terms on the right hand side can be simplified using the identity:
(Γ[µ
ν1ν2ν3ν4 − 8δν1[µΓν2ν3ν4)(Γρ]σ1σ2σ3σ4 − 8δσ1ρ] Γσ2σ3σ4) =
Γµρ
ν1ν2ν3ν4σ1σ2σ3σ4 + 16δν1[µΓρ]
ν2ν3ν4σ1σ2σ3σ4 + 2 · 4!δν1σ1µρ Γν2ν3ν4σ2σ3σ4
+4 · 4!δν1[µ gν2σ1Γρ]ν3ν4σ2σ3σ4 − 3 · 4!gν1σ1gν2σ2Γµρν3ν4σ3σ4 − 4!4!δν1[µ gν2σ1gν3σ2Γν]ν4σ3σ4
+16 · 4!δν1ν2µρ gν3σ1Γν4σ2σ3σ4 + 4!gν1σ1gν2σ2gν3σ3gν4σ4Γµρ − 8 · 4!δν1[µ gν2σ1gν3σ2gν4σ3Γρ]σ4
−36 · 4!δν1σ1µρ gν2σ2gν3σ3Γν4σ4 (AS) (B.2)
where “AS” refers to the fact that this equation is true when we anti-symmetrise
over the indices σ1, . . . , σ4 and ν1, . . . , ν4. Also, the left hand side can be expressed
in terms of the Riemann tensor via
∇[ρ∇µ]ǫ = 1
8
Rρµσ1σ2Γ
σ1σ2ǫ (B.3)
The resulting integrability condition first appeared in [33].
We note that the integrability condition can be recast in the form
(
r=5∑
r=1
1
r!
L(r)µν
σ1..σrΓσ1..σr)ǫ = 0 (B.4)
where we have,
L(1)µν
σ1 = − 1
144
∗ (F ∧ F )µνσ1
L(2)µν
σ1σ2 = −1
4
Rµν
σ1σ2 − 1
72
F 2δσ1[µ δ
σ2
ν] −
1
216
δσ1[µ Fν]
l1l2l3Fl1l2l3
σ2
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+
1
48
F[µ
σ1l1l2Fν]l1l2
σ2
L(3)µν
σ1σ2σ3 =
1
6
∇[µFν]σ1σ2σ3 + 1
216
∗ F[µσ1σ2σ3l1l2l3Fν]l1l2l3
L(4)µν
σ1σ2σ3σ4 =
1
9
Fµν
σ1l1Fl1
σ2σ3σ4 − 1
6
δσ1[µ Fν]
σ2l1l2Fl1l2
σ3σ4
L(5)µν
σ1σ2σ3σ4σ5 =
5
12
δσ1[µ∇ν]F σ2σ3σ4σ5 −
1
1728
ǫl1l2l3l4l5l6
σ1σ2σ3σ4σ5F[µ
l1l2l3Fν]
l4l5l6
− 1
864
ǫl1l2l3l4l5[µ
σ1σ2σ3σ4σ5Fν]
l1l2κ1Fκ1
l3l4l5
+
1
1152
ǫµνl1l2l3l4
σ1σ2σ3σ4σ5F l1l2κ1κ2Fκ1κ2
l3l4 (B.5)
If we now contract with Γµ and use the Bianchi identity Rµ[νρσ] = 0 we find that:
0 = [Rρµ − 1
12
(Fρσ1σ2σ3F µ
σ1σ2σ3 − 1
12
gρµF
2)]Γµǫ
− 1
6 · 3! ∗ (d ∗ F +
1
2
F ∧ F )σ1σ2σ3(Γρσ1σ2σ3 − 6δσ1ρ Γσ2σ3)ǫ
− 1
6!
dFσ1σ2σ3σ4σ5(Γρ
σ1σ2σ3σ4σ5 − 10δσ1ρ Γσ2σ3σ4σ5)ǫ (B.6)
C SU(5) structures in ten dimensions
Consider a SU(5) ⊂ SO(10) structure specified by g,Ω, χ or equivalently by a chiral
spinor η. As mentioned earlier, there always exists a connection ∇′ that preserves
the structure, ∇′η = 0. In fact it is not unique and there is a whole family of such
connections. The intrinsic torsion of the SU(5) structure is the part of the torsion of
an SU(5) preserving connection that does not depend on the specific choice of such a
connection. It can thus be thought of as an equivalence class of torsion tensors. Let
us explain this in more detail.
Any metric preserving connection can be written as Γrmn = C
r
mn+K
r
mn, where
Crmn are the Christoffel symbols and K
r
mn is called the contorsion tensor. The
contorsion satisfies the symmetry property Krmn = −Knmr and the torsion can be
determined by the contorsion by T rmn = 2K
r
[mn]. One can also construct the con-
torsion tensor from the torsion as
Krmn =
1
2
(T rmn + Tm
r
n + Tn
r
m) (C.1)
Thus the torsion and contorsion are essentially equivalent.
The contorsion (and torsion) tensor lives in the space T ∗⊗so(10) ≃ (T ∗⊗su(5))⊕
(T ∗ ⊗ su(5)⊥), where su(5)⊥ is the orthogonal complement of su(5) in so(10). The
part of the contorsion tensor that lies in T ∗ ⊗ su(5) acts trivially on SU(5) singlets
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such as Ω and χ. Thus any two connections that preserve the SU(5) structure will
differ by an element of T ∗ ⊗ su(5) and so the intrinsic contorsion, which we denote
K0, is the part of the contorsion that lies in T ∗ ⊗ su(5)⊥.
The space T ∗ ⊗ su(5)⊥, where the intrinsic contorsion lies, decomposes as
(5+ 5¯)×(1+10+ 1¯0)→ (10+ 1¯0)+(40+ 4¯0)+(45+ 4¯5)+(5+ 5¯)+(5′+ 5¯′) (C.2)
while the space T ∗ ⊗ su(5) decomposes as,
(5+ 5¯)× (24)→ (5+ 5¯) + (45+ 4¯5) + (70+ 7¯0) (C.3)
We thus see that the contorsion tensor has, generically, three 5+ 5¯ and two 45+ 4¯5
pieces. The most general contorsion tensor can thus be written
Krmn = T
(1)
mΩnr + T
(2)
[nΩr]m + T
(3)
[ngr]m (C.4)
+ (P 2,10 rmn + Ωm
kQ2,10 knr + c.c.)
+ (S3,10 mk1k2k3χ
k1k2k3
nr + c.c.)
+ (R3,0mnr + c.c.) +K
70+7¯0
rmn (C.5)
where c.c. stands for complex conjugate, P,Q,R, S are forms of the type indicated.
Demanding that the above connection preserves the SU(5) structure allows one to
relate the various components of the contorsion tensor to the Wi defined in (4.9).
To do this let ∇′ be a covariant derivative with contorsion K that preserves the
SU(5) structure. To proceed write ∇′Ω = ∇′χ = 0 and then anti-symmetrise all of
the indices to get
1
6
dΩn1n2n3 = K
r
[n1n2Ω|r|n3]
1
30
dχn1...n6 = K
r
[n1n2χ|r|n3n4n5n6] (C.6)
It is now possible to explicitly relate the irreps of K to Wi by decomposing the left
and right hand sides into SU(5) irreps. We find that R and S are uniquely determined
by W1 and W2, respectively, and that
(W3)n1n2n3 = −6Ω[n1rP 2,10 n2n3]r − 2Q2,10 n1n2n3 + c.c.
(W4)m = −4ΩmrT (2)r − 4T (3)m
(W5)m = 40Ωm
rT (1)r + 12Ωm
rT (2)r + 20T
(3) (C.7)
The fact that the above components of the contorsion are not uniquely determined
in terms of the Wi reflects the freedom in defining an SU(5) preserving connection.
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Solving for T (1), T (2) in terms of W4,W5, T
(3) and for P 2,10 in terms of W3, Q
2,1
0 we
conclude that the contorsion can be expressed as
Krmn = − 1
40
(ΩW5 + 3ΩW4)mΩnr +
1
4
(ΩW4)[nΩr]m +
3
2
Ω[r
k(W3)mn]k
+
1
4 · 4!χrmn
k1k2(W1)k1k2 −
1
2 · 4!Ωm
k(W2)kℓ1ℓ2ℓ3χ
ℓ1ℓ2ℓ3
nr
+
(1
5
ΩT (3)m Ωnr + ΩT
(3)
[nΩr]m + T
(3)
[ngr]m
)
+
(
3Ω[r
kQ2,10 mn]k + Ωm
kQ2,10 nrk + c.c.
)
+K70+7¯0rmn (C.8)
where we have used the notation ΩVm ≡ ΩmrVr. The last three terms in the brackets
act trivially on Ω and χ and so correspond to the terms appearing in the decomposi-
tion (C.3). Thus the intrinsic contorsion can be defined by (C.8) with the last three
terms set to zero. We thus have
K0rmn = −
1
40
(ΩW5 + 3ΩW4)mΩnr +
1
4
(ΩW4)[nΩr]m +
3
2
Ω[r
k(W3)mn]k
+
1
4 · 4!χrmn
k1k2(W1)k1k2 −
1
2 · 4!Ωm
k(W2)kℓ1ℓ2ℓ3χ
ℓ1ℓ2ℓ3
nr (C.9)
Equivalently we can calculate from this the intrinsic torsion thus showing that it is
fully determined by theWi, as claimed. For completeness we record the explicit form:
T 0rmn =
1
20
(2ΩW4 − ΩW5)[mΩn]r +
1
4
(ΩW4)rΩmn + 3Ω[r
k(W3)mn]k
+
1
2 · 4!χrmn
k1k2(W1)k1k2 −
1
4!
Ω[m
k(W2)|kℓ1ℓ2ℓ3|χ
ℓ1ℓ2ℓ3
n]r (C.10)
Now since ∇0 ≡ (∇ + K0) preserves the SU(5) structure, where ∇ is the Levi-
Civita connection, it leaves invariant the spinor η. Note that the spin connection of
∇0 is related, in our conventions, to the spin connection of the Levi-Civita connection
and the contorsion tensor by,
ω0m
a
b = ωm
a
b +K
0a
mb (C.11)
where K0amb ≡ earenbK0rmn. Using this and (C.9) we see that the spinor η solves
[∇m + 1
160
(ΩW5 + 5ΩW4)mΩk1k2Γ
k1k2 − 1
16
(W4)kΓm
k
+
1
8
Ωm
r(W3)rk1k2Γ
k1k2 − 1
394
χmk1k2
n1n2(W1)n1n2Γ
k1k2
+
1
192
Ωm
r(W2)rℓ1ℓ2ℓ3χ
ℓ1ℓ2ℓ3
k1k2Γ
k1k2]η = 0 (C.12)
Let us make two further comments about SU(5) structures that are not of direct
relevance to the derivations in the text. Firstly, having got explicit expressions for the
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most general SU(5) preserving connection we can easily see which SU(5)-structures
admit a connection with totally antisymmetric torsion. From (C.8) we see that this
requires that T (3) and Q2,10 vanish and also that the structure must satisfy,
W2 = 0
8W4 +W5 = 0 (C.13)
Secondly lets discuss how an SU(5) structure is affected by a conformal transfor-
mation of the metric. Consider an SU(5) structure (g,Ω, χ) and a transformation
g → g˜ = e2fg. The metric g˜ then admits an SU(5) structure (g˜, Ω˜, χ˜) which is related
to the original one by,
Ω˜ = e2fΩ
χ˜ = e5fχ (C.14)
The components Wi then transform as,
W˜1 = e
fW1
W˜2 = e
3fW2
W˜3 = e
2fW3
W˜4 = W4 + 8df
W˜5 = W5 − 40df (C.15)
We see that even though the components W4 and W5 transform non-trivially, the
combinationW5+5W4 is conformally invariant. A simple corollary is that a geometry
is conformal to a Calabi-Yau five-fold if and only if it has an SU(5) structure with
W1 =W2 =W3 = 0 and also has W4,W5 exact and satisfying W5 = −5W4
D Some useful identities
We record here some of the identities satisfied by irreps of SU(5) that are useful in
deriving the results of table 1 and other formulae. Let Λ(p,q) denote a (p, q) form
with a subscript of 0 denoting removal of traces, corresponding to an irreducible
representation of SU(5) (see (4.7)), then
∗ Λ(3,1)0 = −Λ(3,1)0 ∧ Ω
∗Λ(2,2)0 = Λ(2,2)0 ∧ Ω
∗Λ(2,0) = 1
3!
Λ(2,0) ∧ Ω3
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∗Λ(1,1)0 = −
1
3!
Λ
(1,1)
0 ∧ Ω3
∗(Λ(2,0) ∧ Ω) = 1
2
Λ(2,0) ∧ Ω2
∗(Λ(1,1)0 ∧ Ω) = −
1
2
Λ
(1,1)
0 ∧ Ω2
Λ
(1,1)
0 ∧ Ω4 = 0
Λ
(3,1)
0 ∧ Ω2 = 0 (D.1)
The following identities are useful in deriving (4.28):
Γa1....a4ǫ = −
i
2
θa1...a4bΓ
bǫ∗
Γa1....a3ǫ =
i
222!
θa1...a3b1b2Γ
b1b2ǫ∗
Γa1a2ǫ =
i
233!
θa1a2b1...b3Γ
b1...b3ǫ∗
Γa1ǫ = −
i
244!
θa1b1...b4Γ
b1...b4ǫ∗
ǫ = − i
255!
θa1...a5Γ
a1...a5ǫ∗ (D.2)
E SU(5) structures in eleven dimensions
In deriving the form of the most general geometry admitting a timelike Killing spinor
we used the fact that K was a timelike Killing vector and then worked with the SU(5)
structure on the D = 10 base manifold, B, orthogonal to the orbits of K. Moreover,
our analysis determined the type of SU(5) structure on B.
Here we briefly indicate how our analysis also determines the type of D=11 SU(5)
structure specified by (K,Ω,Σ) when K2 6= 0. For example, the fact that K is Killing
expresses the vanishing of some components of the corresponding intrinsic torsion.
One conceptual advantage of discussing the SU(5) structure in D = 11 is that that
the rotation parameter dω arises as a component of the structure, while from the ten
dimensional point of view it is just an arbitrary closed two form.
An SU(5) ⊂ SO(10, 1) structure in D=11 can be specified by a one-form V , a
two-form J and a five-form σ such that the vector dual to V is timelike, and the
forms satisfy
iV J = 0
iV σ = 0
J ∧ σ = 0
33
J ∧ iV ∗ σ = 0
σ ∧ iV ∗ σ = −24J
5
5!
(E.1)
The one form V allows us to reduce SO(10, 1)→ SO(10) and (J, σ) to further reduce
SO(10) → SU(5). We require that the forms defining the structure have constant
norm in the eleven dimensional metric (and so are related to rescaled versions of
(K,Ω,Σ) as we shall see).
As we discussed in section 3, such structures are classified by the intrinsic torsion
T 0 which lives in the space T ∗ ⊗ su(5)⊥ where su(5) ⊕ su(5)⊥ = so(10, 1). The
adjoint of so(10, 1) decomposes as 55 → 1 + (5 + 5¯) + (10+ 1¯0) + 24 and so the
complement of su(5) is given by g⊥ = 1+ (5+ 5¯) + (10+ 1¯0). Noting the following
decomposition,
(1+ 5 + 5¯)⊗ (1+ 5 + 5¯+ 10+ 1¯0)→
1+ 1′ + 1′′ + (5+ 5¯) + (5+ 5¯)′ + (5 + 5¯)′′ + (10+ 1¯0) + (10 + 1¯0)′ +
(10+ 1¯0)′′ + (15+ 1¯5) + 24 + 24′ + (40+ 4¯0) + (45 + 4¯5) (E.2)
we see that there are fourteen classes of SU(5) structures in D = 11, and we can
write
T 0 ∈
14⊕
i=1
Wi (E.3)
The intrinsic torsion in each of the modules Wi can be expressed in terms of the
exterior derivatives of (V,Ω, σ). To see this we decompose the exterior derivatives of
the forms defining the structure and see which representation appear. Taking into
account that they are SU(5) invariant, we find
dV → 1+ 24+ (10+ 1¯0) + (5 + 5¯)
dJ → (5+ 5¯) + (10+ 1¯0) + (45+ 4¯5) + 1+ (10+ 1¯0)′ + 24
dσ → (5+ 5¯) + (10+ 1¯0) + (40+ 4¯0) + 1+ 1′ + (10+ 1¯0)′
+ (15+ 1¯5) (E.4)
In comparing these to the irreps appearing in the intrinsic torsion, there appears to
be a mismatch since four 1’s and five 10+ 1¯0’s appear in (E.4) while in (E.2) we
have only three 1’s and three 10+ 1¯0’s. However this is not so since we can relate
the 1 of dJ to the 1+ 1′ of dσ by the last condition in (E.1), while the (10+ 1¯0) of
dJ and dσ are related by J ∧ σ = 0 and similarly for the (10+ 1¯0)′.
34
As mentioned, the forms used above to define an SU(5) structure in D=11 are not
the ones constructed from the Killing spinors. They are related to those, in regions
where K2 = −∆2 6= 0, by
K = ∆V
Ω = ∆J
K ∧ Σ = ∆2V ∧ σ (E.5)
Given that we know expressions for dK, dΩ, dχ we can obtain those for dV, dJ, dσ and
hence precisely determine the restrictions placed on the D=11 Wi. In other words
our analysis does indeed determine the D=11 SU(5) structure as claimed.
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